We prove that the Kawamata-Viehweg vanishing theorem holds on rational surfaces in positive characteristic by means of the lifting property to W 2 (k) of certain log pairs on smooth rational surfaces. As a corollary, the Kawamata-Viehweg vanishing theorem holds on log del Pezzo surfaces in positive characteristic.
Introduction
There are many generalizations of the celebrated Kodaira vanishing theorem. One of the most important generalizations is the Kawamata-Viehweg vanishing theorem. As is well known, it is inevitable to run the higher dimensional minimal model program in the categories of varieties with suitable singularities, hence we have to consider Qdivisors instead of integral divisors. It turns out that the Kawamata-Viehweg vanishing theorem is indispensable and plays a crucial role in birational geometry of higher dimensional algebraic varieties.
The Kawamata-Viehweg vanishing theorem is of several forms. The one dealing with ample Q-divisors follows directly from the Kodaira vanishing theorem via the Kummer covering trick [Ka82, Vi82] . Theorem 1.1 (Kawamata-Viehweg vanishing). Let X be a smooth projective variety over an algebraically closed field k with char(k) = 0, and H an ample Q-divisor on X such that the fractional part H has simple normal crossing support. Then H i (X, K X + H ) = 0 holds for any i > 0.
The most general form is stated for log pairs which have only Kawamata log terminal singularities [KMM87, Theorem 1-2-5].
Theorem 1.2 (Kawamata-Viehweg vanishing). Let X be a normal projective variety over an algebraically closed field k with char(k) = 0, B = b i B i an effective Q-divisor on X, and D a Q-Cartier Weil divisor on X. Assume that (X, B) is Kawamata log terminal (KLT for short), and D − (K X + B) is ample. Then H i (X, D) = 0 holds for any i > 0.
The original proof of the Kodaira vanishing theorem was analytic, and its purely algebraic proof was first given by Deligne and Illusie [DI87] . For a smooth proper variety X over a perfect field k of characteristic p > 0, they have defined the notion of a lifting of X to W 2 (k), the ring of Witt vectors of length two of k, and have proved that if X admits a lifting to W 2 (k) and dim X < p, then the de Rham complex is decomposable in derived category, consequently the Hodge to de Rham spectral
In particular,
The lifting condition to W 2 (k), together with the reduction modulo p technique, is usually used to prove some statements in characteristic zero. However, the lifting condition is indeed a very strong condition, since it is not satisfied even for some log pairs with simple structure (see Corollary 1.10).
In what follows, we always work over an algebraically closed field k of characteristic p > 0 unless otherwise stated. The following main theorem, i.e. the Kawamata-Viehweg vanishing theorem on rational surfaces, will be proved in this paper. Theorem 1.4. Let X be a normal projective rational surface, D a Q-Cartier Weil divisor on X, and B an effective Q-divisor such that (X, B) is KLT and D − (K X + B) is ample. Then H 1 (X, D) = 0 holds.
Thanks to Theorem 1.3, we have only to verify that the lifting condition to W 2 (k) holds for certain log pairs on smooth rational surfaces. The main idea of the proof is to reduce the problem to the Hirzebruch surface case. Definition 1.5. A pair (X, B) is called a log del Pezzo surface, if X is a normal projective surface, and B is an effective Q-divisor on X such that (X, B) is KLT and
A normal projective surface X is called a log del Pezzo surface (resp. weak log del Pezzo surface), if (X, 0) is KLT and −K X is ample (resp. nef and big).
There are some corollaries of the main theorem. Corollary 1.6. Let (X, B) be a log del Pezzo surface, D a Q-Cartier Weil divisor on X such that D − (K X + B) is ample. Then H 1 (X, D) = 0 holds. Corollary 1.7. Let X be a (weak) log del Pezzo surface. Then H 1 (X, O X ) = 0 holds. Remark 1.8. A Fano variety, by definition, is a projective variety X with the anticanonical divisor −K X ample. Fano surface is conventionally called del Pezzo surface. As is well known, Fano variety has appeared as a kind of outcome of running the minimal model program, so the study of Fano varieties is of certain interest in birational geometry of algebraic varieties. Let us recall some known vanishing or non-vanishing results concerning Fano varieties in positive characteristic, which show that Corollary 1.6 is just a result as expected.
(1) Tango [Ta72] has proved that the Kodaira vanishing theorem does hold on smooth projective ruled surfaces, hence on smooth del Pezzo surface.
(2) Reid [Re94] has found nonnormal del Pezzo surfaces X with H 1 (X, O X ) = 0.
(3) Schröer [Sc07] proved that over any nonperfect field k of characteristic p = 2, there is a normal del Pezzo surface X with H 1 (X, O X ) = 0.
(4) Shepherd-Barron [SB97] established that H 1 (X, O X ) = H 2 (X, O X ) = 0 holds for smooth Fano threefolds.
(5) Lauritzen and Rao [LR97] has constructed counterexamples to the Kodaira vanishing theorem on some smooth Fano varieties of dimension at least 6. Corollary 1.9. Let X be a normal projective rational surface, f : X → P 1 a surjective proper morphism, and
is an ample vector bundle on P 1 .
Unfortunately, Theorem 1.4 and Corollary 1.9 fail for certain ruled surfaces (see [Xie06, Examples 3.7,3.9,3.10]). As a consequence, it follows that the lifting condition to W 2 (k) is not satisfied even for some log pairs on geometrically ruled surfaces (see [Xie07, Definition 2.6] for the definition of Tango curve). Corollary 1.10. If C is a Tango curve, then there are a P 1 -bundle f : X → C and a smooth curve C ′ ⊂ X such that (X, C ′ ) cannot be lifted to W 2 (k).
In §2, we will prove some results concerning the lifting property of certain log pairs on smooth rational surfaces. §3 is devoted to the proofs of the main theorem and the corollaries. Finally, we will give some remarks on the main results in §4. For the necessary notions and results in birational geometry, e.g. Kawamata log terminal singularity, we refer the reader to [KMM87] and [KM98] .
Notation. We use ≡ to denote numerical equivalence, and referee for giving a simple proof of Lemma 2.3. This work was partially supported by the 21st Century COE Program and the Global COE Program in the University of Tokyo.
Lifting property on smooth rational surfaces
Let us first recall some definitions from [EV92, Definition 8.11].
Definition 2.1. Let W 2 (k) be the ring of Witt vectors of length two of k. Then W 2 (k) is flat over Z/p 2 Z, and W 2 (k) ⊗ Z/p 2 Z F p = k. For the explicit construction and further properties of W 2 (k), we refer the reader to [Se62, II.6]. The following definition generalizes the definition [DI87, 1.6] of liftings of k-schemes to W 2 (k).
Let X be a noetherian scheme over k, and D = D i a reduced Cartier divisor on X. A lifting of (X, D) to W 2 (k) consists of a scheme X and closed subschemes
In the above definition, assume further that X is smooth over k and
If X is a lifting of X to W 2 (k), then there is an exact sequence of O e X -modules
where p(x) := px and r(
Definition 2.2. Let X be a smooth scheme over k, D = D i a reduced divisor on X, and Z a closed subscheme of X smooth over k of codimension s ≥ 2. A mixed lifting of (X, D + Z) to W 2 (k) consists of a smooth scheme X over W 2 (k), closed subschemes D i ⊂ X flat over W 2 (k), and a closed subscheme Z ⊂ X smooth over W 2 (k) such that
In the above definition, either
For instance, if X = A n k or P n k or H m , and P ∈ X is a closed point (or an infinitesimal closed point), then (X, P ) has a mixed lifting to W 2 (k).
We need the following elementary lemmas.
) be a Hirzebruch surface with m ≥ 0. Then for any reduced divisor D on X, (X, D) has a mixed lifting to W 2 (k).
Proof
irreducible. Let f : X → P 1 be the natural projection. Take a section E of f with O X (E) ∼ = O X (1) and E 2 = −m ≤ 0.
If D.E < 0 then we have D = E and E 2 < 0. In this case, D has a lifting D, which is the unique curve on X with negative self-intersection.
From now on, assume D.E ≥ 0. The following exact sequence of abelian sheaves:
where q(x) := 1 + px for x ∈ O X , gives rise to the exact sequence
Therefore, the invertible sheaf L := O X (D) on X extends to an invertible sheaf L on X. Let s ∈ H 0 (X, L) be a section corresponding to the divisor D. Then lifting D is nothing but to extend the section s to a section s ∈ H 0 ( X, L). The long exact sequence associated to 0 → L → L → L → 0 shows that it suffices to prove H 1 (X, L) = 0.
Write D ∼ aE + bF , where F is the fiber of f , a ≥ 0 and b ≥ am. We use induction on a to prove that H 1 (X, O X (aE + bF )) = 0 holds for any a ≥ 0 and b ≥ am. When a = 0, we have
and the induction hypothesis conclude the argument.
Lemma 2.4. Let X be a smooth scheme over k, D a reduced divisor on X, and Z ⊂ X a closed subscheme smooth over k of codimension s ≥ 2. Let π : X ′ → X be the blowup of X along Z with the exceptional divisor E, D ′ = π −1 * D the strict transform of D. Assume that (X, D + Z) admits a mixed lifting to W 2 (k). Then (X ′ , D ′ + E) admits a mixed lifting to W 2 (k).
Proof. Let ( X, D + Z) be a mixed lifting of (X, D + Z) to W 2 (k). Then Z ⊂ X is a closed subscheme smooth over W 2 (k) of codimension s ≥ 2. Let I be the ideal sheaf of Z in X, π : X ′ → X the blow-up of X along Z with the exceptional divisor E, and 
where π ′ : X ′′ → X is the blow-up of X with respect to the ideal sheaf I ⊗ W 2 (k) k = I, the ideal sheaf of Z in X. Hence X ′′ = X ′ and π ′ = π. Since X is smooth over
Definition 2.5. Let X be a smooth projective surface, and D a reduced divisor on X. D is said to be suitable if there exists a birational morphism f : X → X min such that
(1) f is the composition of some (−1)-curve contractions, (2) X min is a relatively minimal model, and (3) D contains the exceptional locus Exc(f ) of f .
Proposition 2.6. Let X be a smooth projective rational surface over k, D = r j=1 D j a suitable simple normal crossing divisor on X. Then (X, D) admits a lifting to W 2 (k).
Proof. If ρ(X) = 1, then X ∼ = P 2 k and the conclusion is obvious. From now on, we may assume ρ(X) ≥ 2. By assumption, there is a sequence of (−1)-curve contractions:
where X 0 is a Hirzebruch surface, say H m with m ≥ 0.
Let E i ⊂ X i be the corresponding (−1)-curves whose images are the smooth closed
Then in general the irreducible components of D 0 are neither smooth nor intersect transversally.
First of all, we assume P i ∈ D i for all 0 ≤ i ≤ n − 1. Then π 0 : D ⊂ X → D 0 ⊂ X 0 is a procedure consisting of a sequence of one point blow-ups such that the support of the total transform of D 0 is equal to the support of D, which is simple normal crossing.
By Lemma 2.3, (X 0 , D 0 ) has a mixed lifting ( X 0 , D 0 ) to W 2 (k). Let η : D 0 ֒→ D 0 be the induced closed immersion, and let P 0 = η(P 0 ) ∈ D 0 . If P 0 ∈ X 0 is locally defined by equations x = x 0 , y = y 0 , then P 0 is locally defined by equations x = x 0 , y = y 0 with r( x 0 ) = x 0 , r( y 0 ) = y 0 , where
We can repeat the same argument as above and use the induction on n to prove that (X, D) has a mixed lifting ( X, D) to W 2 (k), which is indeed a lifting of (X, D) to W 2 (k).
In general, if P i ∈ D i for some i, then P i is isolated from D 0 (we denote the image of P i in X 0 by the same symbol), and we can further prove that (X 0 , P i ) has a mixed lifting to W 2 (k), hence so does (X i , D i + P i ). The rest is the same as above.
Proof of the main theorem
The following vanishing result [KK, Corollary 2.2.5] is useful, which holds in arbitrary characteristic.
Lemma 3.1. Let h : Y → X be a proper birational morphism between normal surfaces with Y smooth and with exceptional locus
We can use Lemma 3.1 to show that the KLT surface singularity is rational in positive characteristic, while the general statement that the KLT singularity is rational in characteristic zero has been proved in [KM98, Theorem 5.22].
Lemma 3.2. Let X be a normal proper surface, and B an effective Q-divisor on X such that (X, B) is KLT. Then X has only rational singularities.
, by Lemma 3.1, we have R 1 h * O Y = 0. It is easy to see that R 1 h * ω Y = 0 holds.
Proof of Theorem 1.4. Take a log resolution h : Y → X such that
(1) Y is a smooth projective rational surface over k, and we can write
, where E i are the exceptional curves of h and a i > −1 for all i.
(2) G = Supp(h −1 * B) ∪ Exc(h) ∪ (some self-intersection negative curves on Y ) is suitable and simple normal crossing.
Let
by Exc(h), we can take 0 < δ i ≪ 1 such that
(
is simple normal crossing, and
By Lemma 3.1, we have
Since G is a suitable simple normal crossing divisor on the smooth rational surface Y , by Proposition 2.6, (Y, G) admits a lifting to
Let P be a general point in P 1 , F = f −1 (P ) the general fibre of f , and m a positive integer. Consider the Leray spectral sequence
. By Serre vanishing, E ij 2 = 0 holds for any i > 0 and any m ≫ 0. Therefore we have
we have the exact sequence:
Taking the long exact sequence of cohomology groups, we have H 0 (F, Ω 1 X ⊗ ω X | F ) = 0, which is a contradiction.
The main technical result in this paper is Proposition 2.6, which shows that certain log pairs on smooth rational surfaces are liftable to W 2 (k). The proof of Proposition 2.6 is proceeded by induction via Lemma 2.4, however the initial step, i.e. Lemma 2.3, is proved by a argument, which depends on the geometric properties of Hirzebruch surfaces. Therefore it seems impossible to generalize Proposition 2.6 to general surfaces. In fact, Proposition 2.6 fails even for certain ruled surfaces, which is described in Corollary 1.10, since there exist counterexamples to the Kawamata-Viehweg vanishing on those ruled surfaces.
Proof of Corollary 1.10. We use the same notation and construction as in [Xie07, Theorem 3.1]. Therefore, there are a P 1 -bundle f : X → C and an ample Q-divisor H on X with Supp( H ) = C ′ and H 1 (X, K X + H ) = 0, where C ′ ⊂ X is a smooth curve and f | C ′ : C ′ → C is the k-linear Frobenius morphism. By Theorem 1.3, (X, C ′ ) cannot be lifted to W 2 (k).
Note that Corollary 1.10 means 0 = o(X, C ′ ) ∈ H 2 (X, T X (− log C ′ )), while the P 1 -bundle X itself is liftable to W 2 (k) by Corollary 4.2.
Finally, we give some remarks on Theorem 1.4.
Remark 4.3.
(1) By a standard argument via Kodaira's lemma, Theorem 1.4 gives rise to the Kawamata-Viehweg vanishing theorem for nef and big Q-divisors on smooth rational surfaces, which may be useful in practice.
( †) Let X be a smooth proper rational surface, and L a nef and big Q-divisor on X, such that the fractional part L has simple normal crossing support. Then H 1 (X, K X + L ) = 0 holds.
(2) The following Kodaira-Ramanujam vanishing theorem [Ra72] is a special case of the Kawamata-Viehweg vanishing theorem for nef and big integral divisors on smooth surfaces.
( ‡) Let X be a smooth projective surface over an algebraically closed field k with char(k) = 0, and L a nef and big integral divisor on X. Then H 1 (X, K X + L) = 0 holds.
By a result of Raynaud [DI87, Corollaire 2.8] and Corollary 4.2, the KodairaRamanujam vanishing theorem holds on all smooth projective surfaces with negative Kodaira dimension in positive characteristic, while among those surfaces, there exist counterexamples to the Kawamata-Viehweg vanishing theorem for nef and big Q-divisors (see [Xie07, Theorem 3 .1]). This observation shows that there is a significant difference between the Q-divisor version and the integral divisor version of the Kawamata-Viehweg vanishing theorem in positive characteristic.
